INTRODUCTION
The electromagnetic boundary-value problem of a diagonally incident plane wave scattered by an infinitely long homogeneous dielectric circular cylinder was solved exactly by Wait 1 in 1955. In his solution the incident, scattered, and interior scalar radiation potentials 2 were expanded as an infinite series of partial waves. The partial-wave scattering and interior amplitudes were obtained by requiring continuity of the tangential components of the electric and magnetic fields at the surface of the cylinder. The amplitudes produced by this procedure are complicated combinations of Bessel and Hankel functions, thus obscuring the physical interpretation of the various features of the scattered fields.
Nonetheless, much progress has been made in understanding diagonal incidence/cylinder scattering in intuitive and physical terms. From the outset it was recognized that the diagonal beam/cylinder geometry causes a mixture of polarization-preserving and cross-polarized scattering, 1 a feature absent in plane-wave scattering by a sphere or by a cylinder at normal incidence. Kerker et al. 3 have shown that the scattering amplitudes for the two cross-polarized channels differ only in sign. Cohen and Acquista 4 showed that the result of Kerker et al. was a consequence of time reversal invariance, and they also discussed the restrictions that energy conservation place on the partial-wave scattering amplitudes. Takano and Tanaka 5 derived the ray theory expression for the diagonal incidence/cylinder scattered intensity. They also discussed a number of features of the scattered intensity in this context.
The purpose of this paper is to connect the wave and ray descriptions of diagonal incidence/cylinder scattering by obtaining the Debye-series decomposition of the partial-wave scattering and interior amplitudes. The terms of the Debye series, summed over partial waves, correspond to diffraction plus the wave analogies to the fundamental scattering processes of ray theory, i.e., reflection, transmission, and transmission following a number of internal reflections. In the short-wavelength limit, many partial waves contribute to the scattered fields. As a result, the sum over partial waves for each term of the Debye series may be converted into an integral over an associated impact parameter. The stationary-phase approximation of the integral produces the scattered field of ray theory, and the stationary-phase location is associated with the trajectory of the light ray. [6] [7] [8] [9] The body of this paper is organized as follows. In Section 2 we briefly describe the geometry of a beam with arbitrary profile and that is diagonally incident on an infinitely long circular cylinder. We also give the formulas for the scattered and interior electric and magnetic fields in wave theory. In Section 3 we derive the 16 partialwave reflection and transmission Fresnel coefficients that occur for this geometry. In Section 4 we write the partial-wave scattering and interior amplitudes as an infinite series of interactions of the partial wave with the cylinder surface, with each term in the series being a particular combination of these Fresnel coefficients. In Section 5 we apply the Debye-series formalism to the firstorder rainbow produced when the incident beam is a plane wave, and we examine the rainbow extinction transition. In Section 6 we observe the first-order rainbow extinction transition experimentally and compare our observations with the Debye-series predictions. In Section 7 we present our conclusions.
PARTIAL-WAVE SCATTERING AND INTERIOR AMPLITUDES
We consider an infinitely long homogeneous circular cylinder of radius a and refractive index n whose axis coincides with the z axis of a rectangular coordinate system. A monochromatic beam (e.g., a plane wave or a focused Gaussian beam) with wave number k ϭ 2/ and propagation direction k inc in the x -z plane and making an angle with the x axis, i.e.,
strikes the cylinder and is scattered. The incident beam, the scattered wave, and the interior wave are ⑀ polarized if their electric fields lie in the horizontal (x -y) plane, and they are polarized if their magnetic fields lie in the horizontal plane.
The partial-wave expansion of the fields in cylindrical coordinates 10 is parameterized by two indices l and h. The discrete index l is an integer with Ϫϱ Ͻ l Ͻ ϱ and is called the partial wave number. The continuous index h with Ϫϱ Ͻ h Ͻ ϱ describes the profile of the incident beam. For a plane wave, h assumes the single value h ϭ Ϫsin , in accordance with Eq. (1). For a focused Gaussian beam, a range of h values that depend on the width of the beam and are centered about h ϭ Ϫsin is required. The weighting coefficients in the partial-wave expansion of the ⑀-polarized portion of the incident beam are A l (h). The coefficients in the partial-wave expansion of the -polarized portion of the beam are B l (h). Together they are termed the beam-shape coefficients.
For the diagonally incident beam/cylinder geometry, the partial-wave scattering and interior amplitudes for ⑀-polarization-preserving scattering (⑀ incident goes to ⑀ scattered or interior) are
respectively, where
with the J l being Bessel functions and the H l (1) being Hankel functions of the first type. Similarly, the partialwave scattering and interior amplitudes for -polarization-preserving scattering ( incident goes to scattered or interior) are
respectively. The partial-wave scattering and interior amplitudes for cross-polarized scattering (⑀ incident goes to scattered or interior, or incident goes to ⑀ scattered or interior) are
respectively. The scattered electric and magnetic fields in the far zone are constructed from the partial-wave scattering amplitudes according to 10 lim
where E 0 is a measure of the peak electric-field strength of the incident beam and the summed and integrated scattering amplitudes T i for 1 р i р 6 are
The phase ⌽(h, l) in the integrands of Eqs. (13) is
and the dependence of the scattered fields on the incidentbeam profile is
For an incident plane wave, the summed and integrated scattering amplitudes T i simplify substantially, since
A l (h) and B l (h) are ␦ functions in h, thus allowing the h integrals in Eqs. (13) to be performed exactly. This is pursued further in Section 5. For an incident focused Gaussian beam, the scattering amplitudes again simplify substantially, since the h integrals are sharply peaked about h ϭ Ϫsin and thus may be approximated in the far zone by the stationary-phase method. 10 The interior electric field is
where
and the dependence of the interior field on the incidentbeam profile is given by
For an incident plane wave, again the h integral in Eq.
(16) may be evaluated exactly, since A l (h) and B l (h) are ␦ functions. But for focused-Gaussian-beam incidence, the h integral cannot be approximated by the stationaryphase method.
PARTIAL-WAVE TRANSMISSION AND REFLECTION FRESNEL COEFFICIENTS
The derivation of the partial-wave Fresnel coefficients in this section proceeds in analogy to the derivation in Appendix A of Ref. 12 of the analogous quantities for scattering by a sphere. We define the region exterior to the cylinder to be region 2 and the cylinder interior to be region 1. Consider a single ⑀-polarized radially incoming partial wave with unit amplitude and with indices l and h, which is incident on the cylinder surface from region 2.
The scalar radiation potential of the partial wave is
Upon interaction with the cylinder surface, a portion of the partial wave is reflected back into region 2 with either ⑀ or polarization, and the remaining portion is transmitted into region 1 with either ⑀ or polarization. The radially outgoing reflected radiation potentials in region 2 are
and the radially incoming transmitted radiation potentials in region 1 are
The amplitudes of the reflected and transmitted portions,
, and T ⑀ 21 , are the partial-wave reflection and transmission Fresnel coefficients, respectively. The leftmost superscript and subscript of the Fresnel coefficients denote the initial region and polarization of the partial wave, and the rightmost superscript and subscript denote the final region and polarization of the reflected or transmitted portion. Since the electric and magnetic fields of the partial wave are derivatives of the scalar radiation potentials, 10 continuity of E , E z , B , and B z at r ϭ a provides four algebraic equations from which the four partial-wave Fresnel coefficients may be determined.
There are 16 partial-wave Fresnel coefficients for the diagonal incidence/cylinder geometry considered here. The remaining 12 are obtained by considering a radially incoming -polarized partial wave in region 2 incident on the interface and the initially radially outgoing ⑀-polarized and -polarized partial waves in region 1 incident on the interface. Continuity of the transverse field components at the cylinder surface generates additional systems of algebraic equations that may then be solved. The result is 
These partial-wave Fresnel coefficients are the wave theory analog of the familiar reflection and transmission Fresnel coefficients for the interaction of a diagonally incident plane wave with a flat interface. 
DEBYE-SERIES EXPANSION OF THE PARTIAL-WAVE SCATTERING AND INTERIOR AMPLITUDES
In this section we show that the partial-wave scattering and interior amplitudes of Eqs. (2), (3), and (8)-(11) may be written as an infinite series of combinations of the partial-wave reflection and transmission Fresnel coefficients of Eqs. (22) . When a partial-wave component of the incident beam is transmitted into the cylinder, a good analogy of what happens thereafter until the partial wave is eventually transmitted back out is provided by the trajectory of a ball in a pinball machine. 14 Just as the ball can bounce off the bumpers any number of times and in any order before it completes its trajectory, so also the partial wave may internally reflect off the cylinder surface any number of times before it exits the cylinder. Further, each reflection may be either polarization preserving (i.e., ⑀⑀ or ) or cross polarized (i.e., ⑀ or ⑀). The total wave theory amplitude is then the sum of the amplitudes for all the possibilities that can occur in the scattering.
14 Motivated by this physically based point of view, we first consider the partial-wave summed interior reflection amplitude in each of the four polarization channels R ⑀⑀ 11 , R ⑀ 11 , R ⑀ 11 , and R 11 , where
In Eq. (25) we have i ϭ ⑀ or , j ϭ ⑀ or , and the sums over k, l, m, etc., are sums over the ⑀ and states. A pictorial representation of R ij 11 is given in Fig. 1 . For each of the four polarization channels, the infinite series in Eq. (25) may be evaluated in closed form by using the following argument. Consider first R ⑀⑀ 11 . Each term in Eq. (25) contains a certain number (r Ϫ s у 1) of R ⑀⑀ 11 factors and a certain number (s у 0) of R ⑀ 11 R ⑀ 11 factors. The cross-polarized factors always occur as a pair because the polarization must return to the ⑀ state by the end of the interaction. The R ⑀ 11 R ⑀ 11 factors may occur at any step along the way, and any number of factors (st у 0) of R 11 may occur between R ⑀ 11 and R ⑀ 11 . Upon enumerating all the possibilities for successive internal reflections, we obtain
The closed-form expression for R 11 is obtained from Eq. (26) by the replacement ⑀ ↔ . For R ⑀ 11 the situation is similar, except that there is an extra factor of R ⑀ 11 to produce the cross polarization and there is no stand-alone factor of R ⑀⑀ 11 as in the first line of Eq. (26) . Upon enumerating all the possibilities for successive internal reflections, we obtain 
The closed-form expression for R ⑀ 11 is obtained from Eq. (27) by the replacement ⑀ ↔ .
Upon substituting Eqs. (22) into Eqs. (26) and (27) and after much algebraic simplification, we may write the partial-wave interior amplitudes of Eqs. (3), (9) , and (11) in Debye-series form as
where the k sum is over the ⑀ and states. A pictorial representation of Eqs. (28), (29), and (30) is given in Figs. 2(a), 2(b), and 2(c), respectively. The interior-amplitude Debye series makes a good deal of physical sense. A partial wave inside the cylinder either has been directly transmitted or has been transmitted and then has participated in any number of internal reflections within the cylinder. At the transmission and at each internal reflection, the interaction with the cylinder surface has both polarization-preserving and cross-polarized components.
The (2), (8) , and (10), since postmultiplication of the interior amplitudes by a T ij 12 factor transmits the partial wave from the cylinder interior back into the exterior region. Again after much algebra we obtain either can keep the partial wave in the same polarization state throughout or can switch the polarization state of the partial wave at any one of the interactions with the surface, so long as the polarization switches back before the partial wave leaves the cylinder. The cross-polarized amplitude q l (h) can switch the polarization state of the partial wave at any one of the interactions with the surface. This polarization switching explains why the partial-wave scattering amplitudes a l (h), b l (h), and q l (h) each exhibit both TE l,m and TM l,m morphologydependent resonances at diagonal incidence, 11 whereas at normal incidence, where all the interactions with the cyl- The Debye-series decomposition of the partial-wave scattering and interior amplitudes has a long history. It has been derived for electromagnetic scattering by a cylinder at normal incidence, 16 for scattering by a homogeneous sphere, 8, 17, 18 and for scattering by a coated sphere. [19] [20] [21] Since scattering for those three geometries is polarization preserving, the Debye series simplifies substantially. For scattering by a cylinder at normal incidence or by a sphere, there are eight partial-wave Fresnel coefficients that couple together in two groups of 4 (i.e., the TE coefficients couple together, and the TM coefficients couple together) to form the partial-wave scattering and interior amplitudes. For scattering by a coated sphere, there are 16 partial-wave Fresnel coefficients that couple together in two groups of 8 to form the partial-wave scattering and interior amplitudes. For the diagonal incidence/cylinder scattering considered here, again there are 16 partial-wave Fresnel coefficients in Eqs. (22) . But, on account of cross-polarized scattering, all 16 couple together in Eqs. (28)- (33) to form the partial-wave scattering and interior amplitudes. Since Eqs. (28)-(33) are valid for arbitrary h, our Debye-series decomposition is valid for an incident beam of arbitrary profile.
The terms of the Debye series in classical electromagnetic scattering are analogous to Feynman diagrams for scattering in quantum electrodynamics. 22 In each case the total scattering amplitude is decomposed into the infinite series of all the different possible physical processes that can occur in the situation at hand. The Debye series, however, has not enjoyed the widespread use that Feynman diagrams have. This is because in quantum electrodynamics, the total scattering amplitude cannot be evaluated in closed form. Thus the calculation of cross sections must be performed by evaluating and adding together the amplitudes of dominant physical processes that occur in the scattering situation. In classical electromagnetic scattering, on the other hand, the total scattering amplitude can be calculated exactly for a target particle having a high degree of symmetry. The Debye series then plays less of a calculational role, and its main use is to provide an intuitive understanding of the different physical processes that contribute to scattering.
The Debye series may also be interpreted as being the solution to a particular type of multiple-scattering problem, since the scattering amplitudes a l (h), b l (h), and q l (h) result from the infinite series of interactions of partial waves with the cylinder surface. Since both polarization-preserving and cross-polarized scattering occur for the diagonal incidence/cylinder geometry, the Debye series of Eqs. (31)-(33) serves as an exactly soluble prototype example of a wave that may change its internal state (i.e., from ⑀ to or from to ⑀) at each interaction during multiple scattering. Such state-changing interactions occur frequently and are of great interest in quantum-mechanical scattering. The Debye series is also the series expansion of the interaction S matrix for scattering as considered in Ref. 11 .
Last, the Debye-series results of Eqs. (28)- (33) simplify substantially for two special cases. For scattering by a normally incident plane wave, we have h ϭ 0, and Eqs. (26) and (27) reduce to
These expressions lead to the normal-incidence Debye series
which was first derived by Debye 16 and for whom the series is named.
For scattering of a diagonally incident beam of arbitrary profile by a perfectly conducting cylinder, we have n → ϱ and
No cross-polarized scattering occurs, and the only physical processes contributing to polarization-preserving scattering are diffraction and reflection.
FIRST-ORDER RAINBOW FOR SCATTERING OF A DIAGONALLY INCIDENT PLANE WAVE BY A CYLINDER
In Ref. 23 it was demonstrated in the context of ray theory that there is a qualitative similarity between varying the tilt angle of the incident plane wave and varying the refractive index n at normal incidence. As increases (or as n increases at normal incidence), the scattering angle of the first-order rainbow also increases. The scattering angle reaches 180°when
A further increase in past this value extinguishes the rainbow. Thus we term e the rainbow extinction tilt angle. Also at ϭ e , the p ϭ 1 interior cusp caustic has its cusp point focal line touching the surface of the cylinder. In this section we examine this rainbow extinction transition by using the Debye-series partial-wave scattering amplitudes. For definiteness we employ the refractive index n ϭ 1.484 corresponding to the glass rod of Ref. 23 , which gives e ϭ 50.72°. We also employ the cylinder size parameter 2a/ ϭ 1000.0, which is substantially less than that of the glass rod of Ref. 23 but which satisfies the short-wavelength-limit criterion nonetheless. As mentioned in Section 2, the expression for the scattered intensity simplifies considerably for diagonal planewave incidence. If the incident beam is an ⑀-polarized plane wave, its beam-shape coefficients are
and if the incident plane wave is polarized, its beamshape coefficients are
For an unpolarized incident plane wave, substitution of Eqs. (40) and (41) into Eqs. (12)- (14) gives the far-zone scattered intensity
and 0 is the permeability of free space. The partialwave scattering amplitudes a l , b l , and q l are given by Eqs. (2), (8), and (10) with h ϭ Ϫsin . The oneinternal-reflection portion of the partial-wave scattering amplitudes is
The scattered intensity of Eq. (42) for an unpolarized incident beam and with the use of the one-internalreflection partial-wave scattering amplitudes of relations (44)- (46) At a tilt angle of 45.0°, the points labeled R in Fig. 5 (a) are the extrema of the scattering angle as a function of the ray impact parameter and correspond to the branches of the first-order rainbow in Fig. 4(b) at ϭ 177.5°and 182.5°. Three rays contribute to the scattered field at each angle between the two rainbow branches, and one ray contributes at each angle to either side of the rainbow region. This behavior is evident in Figs. 4(a) and 4(b) . Between the two branches of the first-order rainbow, again labeled R, is the supernumerary pattern of the two dominant rays [labeled D in Fig. 5(a) ], which possesses some irregularities produced by interference with the third ray [labeled T in Fig. 5(a) ]. The one-internalreflection intensity is nearly constant to either side of the rainbow region, since the intensity in that region is due to the third ray alone.
Figures 4(c) and 5(b) correspond to the rainbow extinction tilt angle e ϭ 50.72°. The pair of scattering angle extrema have coalesced into a single critical point at ϭ 180°. Thus a range of paraxial rays constructively interferes to form the single rainbow peak at ϭ 180°in Fig. 4(c) . As is seen in Fig. 4(d) , this single rainbow peak quickly dissipates as the tilt angle is increased past e , since the angular region beyond the rainbow peak is described by a complex ray whose intensity falls off faster than exponentially 25 as a function of and the third ray of Fig. 5(c) . As a result, the one-internal-reflection intensity of Fig. 4(d) is again nearly constant. The one-internal-reflection electric field interferes with the p ϭ 0 reflected electric field, producing both additional distortion to the supernumerary pattern between the two rainbow branches and an oscillatory behavior to either side of the rainbow region. In Fig. 6(d) the high-frequency oscillations in the intensity are produced by interference with the p ϭ 4 rays that also exit the cylinder in the backscattered direction.
EXPERIMENTAL OBSERVATION OF THE FIRST-ORDER RAINBOW
The apparatus was described in Ref. 23 and is illustrated in Fig. 7 . Briefly, the ϭ 0.6328 m unpolarized beam 7 . A laser beam, expanded by a series of lenses, is incident on a 7.6-mm-radius glass rod. Light scattered near 180°is recorded on unexposed camera film 72 cm above the rod. A black card with a narrow slit cut into it is placed at AAЈ so as to illuminate a narrow band BBЈ on the rod. of a 15-mW HeNe laser was expanded by a series of lenses to a diameter of 5.0 cm. The expanded beam was incident on a glass rod of nominal radius a ϭ 7.6 mm and refractive index n ϭ 1.484, which was mounted on a rotation stage so as to vary the tilt angle of the rod easily with respect to the beam. Light scattered near 180°was recorded on a strip of unexposed photographic film a distance of 72 cm above the glass rod.
Photographs of the first-order rainbow region are shown in Figs. 8(a), 8(b) , 8(c), and 8(d) for ϭ 33°, 40°, 45°, and 50°, respectively. It was found that the rainbow extinction tilt angle occurred at e ϭ 45°Ϯ 1°rather than at e ϭ 50.72°as predicted by Eq. (39). This difference was addressed in Ref. 23 and is due to the fact that the rod cross section is slightly elliptical, having a majoraxis-to-minor axis ratio of b/a ϭ 1.04. The correction to e on account of the elliptical cross section was derived in Ref. 23 and gave ϭ 45.68°, in agreement with the experimental observations. The parallel shadow bands and the weak diffraction rings evident in Fig. 8 are due to small local inhomogeneities in the glass. They were not apparent in our initial visual observations and were recorded only in the time exposure photographs of Figs.
8(a)-8(d). These photograph correspond to 12°below
e , 5°below e , at e , and 5°above e , respectively, and are to be qualitatively compared with Figs. 6(a), 6(b), 6(c), and 6(d), respectively, which correspond to similar tilt angles below and above e . The slightly elliptical cross section of the rod and the large difference between the cylinder radii in Figs. 6 and 8 (i.e., 0.1 mm in Fig. 6 and 7.6 mm in Fig. 8 ) preclude a quantitative comparison. In Figs. 8(a) and 8(b) , the two rainbow branches and a few of their supernumeraries are visible. In Fig. 8(c) the rain- bow scattering angle is 180°. The single rainbow peakbreaks into two closely spaced peaks near the bottom of the photograph because the film holder was not exactly parallel to the scattered conical wave front. Figure 8(d) shows the interference pattern of the backscattered p ϭ 0, p ϭ 2, and perhaps p ϭ 4 rays.
Last, a black card with a narrow slit cut into it was placed at the location AAЈ in Fig. 7 so as to block most of the light rays illuminating the rod. When the slit was oriented nearly perpendicularly to the rod axis, rays with different impact parameters struck the rod at different heights. Photographs of the scattered intensity produced by this narrow-band illumination are shown in Figs. 9(a) , 9(b), and 9(c) for ϭ 40°, 45°, and 50°, respectively. The scattered intensity in these photographs traces out the dependence of the scattering angle as a function of the ray impact parameter. These figures are to be compared with the ray predictions of Figs. 5(a), 5(b), and 5(c), respectively, which correspond to similar angles below and above e . For Ͻ e two rainbow-producing extrema in the scattering angle are evident. For ϭ e the scattering angle critical point is apparent, and for Ͼ e no rainbow-producing extrema occur. Although glare point coalescence at caustic transitions has been observed previously, 26, 27 Fig. 9 is the first direct observation, to our knowledge, of the coalescence of scattering angle extrema at a caustic transition.
CONCLUSIONS
Obtaining the Debye series for electromagnetic scattering by a particle with a high degree of symmetry, such as a circular cylinder at diagonal incidence, does not help one to compute the scattered intensity any better, since the full partial-wave scattering amplitudes are known exactly (see, however, Ref. 19) . But it helps one immeasurably in trying to understand what the various features of the scattered intensity mean physically. With the help of the Debye series, wave scattering may be viewed as the sum of the physical processes of diffraction, reflection, transmission, and transmission following a number of internal reflections. For the diagonal incidence/cylinder geometry, diffraction is polarization preserving, while each transmission and each reflection have both polarizationpreserving and cross-polarized components. Our view of the first-order rainbow extinction transition is distorted and partially obscured, either experimentally or computationally, by its interference with specularly backreflected light. The computed one-internal-reflection intensity obtained by employing only the p ϭ 2 terms of the Debye series removes the distortion and permits an unimpeded view of the rainbow extinction transition in wave theory. The transition occurs as the two scattering angle extrema coalesce and vanish, as is the case for optical caustic transitions in general. 28 It was especially pleasing to observe this coalescence directly when the black card containing the narrow slit was placed in front of our glass rod, which was then tilted and swept through the transition. The results presented here renew our conviction that the Debye series is an extremely useful tool for obtaining an intuitive understanding of the details of electromagnetic scattering.
